Abstract Accelerating rates of quasiperiodic "drumbeat" long-period earthquakes (LPs) are commonly reported before eruptions at andesite and dacite volcanoes, and promise insights into the nature of fundamental preeruptive processes and improved eruption forecasts. Here we apply a new Bayesian Markov chain Monte Carlo gamma point process methodology to investigate an exceptionally well-developed sequence of drumbeat LPs preceding a recent large vulcanian explosion at Tungurahua volcano, Ecuador. For more than 24 hr, LP rates increased according to the inverse power law trend predicted by material failure theory, and with a retrospectively forecast failure time that agrees with the eruption onset within error. LPs resulted from repeated activation of a single characteristic source driven by accelerating loading, rather than a distributed failure process, showing that similar precursory trends can emerge from quite different underlying physics. Nevertheless, such sequences have clear potential for improving forecasts of eruptions at Tungurahua and analogous volcanoes.
Introduction
Accelerating rates of geophysical signals, such as seismicity (De La Cruz-Reyna & Reyes-Dávila, 2001 ; Kilburn & Voight, 1998; Neuberg et al., 2000; Ramos et al., 1999; Salvage & Neuberg, 2016; Voight, 1988; Voight & Cornelius, 1991) or ground deformation (McGuire & Kilburn, 1997) , have been reported before a wide range of eruption styles. Such sequences evolve over timescales of minutes (Linde et al., 1993) to years (Robertson & Kilburn, 2016) and provide an opportunity for both improved understanding of the physical processes that control the approach to eruption, and more reliable, quantitative, eruption forecasts (Bell, Naylor, & Main, 2013; Boué et al., 2015 Boué et al., , 2016 ).
Here we apply a new Bayesian gamma point process model to analyze long-period earthquakes (LP) earthquakes preceding the July 2013 eruption at Tungurahua. We find rates increase over 24 hr according to equation (2), but with quasiperiodic interevent times. Earthquake amplitudes also increase toward the eruption, despite the decreasing interevent times. "Pseudo-prospective" forecasts illustrate the predictability of the process, including the effect of catalogue completeness close to eruption. First we summarize the earthquake data and statistical methods used. We then apply the new model in retrospective and simulated forecasting modes to evaluate model fit and parameter values, and determine likely forecasting performance. We then discuss the implications of our findings for understanding of volcanic processes, LP source mechanisms, and eruption forecasting.
Material Failure and Volcanic Earthquakes
Similarities between accelerating preeruptive trends and those associated with material failure phenomena (Main, 1999; Vasseur et al., 2017) mean that they are often analyzed within this conceptual framework (Kilburn, 2003; Main, 1999; Voight, 1988) . Failure of all or part of the volcanic system (in response to elevated magma and gas pressure) is associated with a fundamental empirical relation between the acceleration in a geophysical precursor Ω (such as strain or number of earthquakes) and its rate:
where α and K are constants. In the common case that α > 1, solutions to equation (1) take the form of an inverse power law increase in the mean rate of precursory signals with time (Kilburn, 2003) : where the power law exponent, p = 1/(α À 1), describes the nonlinearity of the acceleration and k reflects the absolute amplitude (Bell & Kilburn, 2013) . Equation (2) involves a singularity at a finite time, t f , corresponding to an infinite precursor rate, realization of a system-wide fracture, and the percolation threshold, and often equated to the initiation of the eruption process (Voight, 1988) .
The material failure paradigm has most commonly been considered in the context of high-frequency (5-15 Hz) volcano-tectonic earthquakes (VTs) (Bell & Kilburn, 2012; Kilburn & Voight, 1998) . VTs result from brittle stick-slip and fracture events within the edifice and are prevalent at volcanoes reawakening after long repose intervals (Kilburn & Voight, 1998) , or at systems strongly influenced by edifice deformation (Bell & Kilburn, 2012; Collombet, 2003) or tectonic processes (Sigmundsson et al., 2014) . The temporal occurrence of VTs is generally consistent with an inhomogeneous Poisson or clustered point process (Bell et al., 2011) . Their magnitudes follow a Gutenberg-Richter distribution (Roberts, Bell, & Main, 2015) , and sources are commonly distributed across many locations in the deforming system. As such, these characteristics share many fundamental similarities with generic failure phenomena (Kilburn, 2012; Main, 1999; Vasseur et al., 2017) .
VTs are less common before eruptions at open-system andesitic and dacitic volcanoes, providing limited forecasting information. Instead, low-frequency (1-5 Hz) "LPs" dominate seismicity before explosive or effusive events (McNutt, 2005) . Their waveform properties involve emergent onsets and extended (often harmonic) coda and require a strong resonance or scattering effect (Chouet & Matoza, 2013) . LPs are potentially excited by a diverse range of source mechanisms, including hydrothermal fluid movement (Lipovsky & Dunham, 2015) , brittle magma failure (De Angelis & Henton, 2011; Lavallée et al., 2008; Neuberg et al., 2006; Tuffen, Smith, & Sammonds, 2008) , incremental plug ascent (Iverson et al., 2006; Johnson et al., 2008) , slow rupture of a poorly consolidated shallow edifice (Bean et al., 2013) , or gas depressurization (Gil-Cruz & Chouet, 1997) . For LPs at Tungurahua, suggested source mechanisms include gas depressurization (Molina, 2004) , magma stick-slip or failure (Neuberg et al., 2018) , and coupled magma ascent and gas depressurization (Bell et al., 2017) . The statistical properties of LPs often include a restricted range or "characteristic" distribution of magnitudes (Bell et al., 2017) , repeating waveforms indicating multiple reactivation of a small number of source locations , and periodic (anticlustered) interevent times, sometimes referred to as "drumbeat" earthquakes (Bell et al., 2017; Iverson et al., 2006; White et al., 1998) . Although accelerating rates of LPs have been reported before eruptions at several volcanoes (Boué et al., 2015; Neuberg et al., 2000; Salvage & Neuberg, 2016) , it is not clear if these characteristics are consistent with the physics of a material failure process, and how such data and their patterns may be best used for forecasting.
Tungurahua Volcano and Precursors to the 14 July 2013 Explosion
Tungurahua is an active andesitic stratovolcano in the Eastern Cordillera of the Ecuadorian Andes (Arellano et al., 2008) , monitored by the network of the Instituto Geofísico of the Escuela Politécnica Nacional (IGEPN). The ongoing eruption began in 1999, involving episodes of vulcanian and strombolian activity, some with large paroxysmal explosions, interspersed by periods of quiescence of a few months (Hidalgo et al., 2015) . Seismicity is dominated by low-frequency signals, with few VT or hybrid earthquakes. Eruptive episodes are commonly preceded by a few hours or days of elevated rates of LPs. At 11:47 UTC on 14 July 2013, Tungurahua experienced the largest paroxysmal explosion of the current eruption, with the highest amplitude acoustic energy recorded at Tungurahua, accompanied by a large gas plume, and sending ash to a height of 8.3 km above the vent (Hall et al., 2015) . The eruptive products primarily consisted of very low permeability "plug" material, with relatively little juvenile pumaceous content (Hall et al., 2015) .
Data and Methods

Monitoring Data
Seismic data associated with the eruption were recorded by the monitoring network of the IGEPN. The seismicity was best recorded at the nearest 1 Hz short-period vertical component seismometer located at station "RETU," at 3,900 m elevation (Bell et al., 2017) . Primary seismic data manipulation was undertaken using the Obspy python library (Krischer et al., 2015) . The highly similar earthquake waveforms indicate closely located sources, meaning that the amplitude recorded at RETU is a reasonable approximation of relative earthquake energy release. Peak amplitudes and 15 s root-mean-square (RMS) amplitudes yield similar results. Data from
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RETU were manually picked to provide an earthquake catalogue for several days before and after the paroxysmal explosion and used to provide 5 min relative seismic amplitude (RSAM). Nine hundred sixty events were picked in 24 hr before the explosion, of which 427 were recorded in the unlocated IGEPN catalogue for Tungurahua. None of the earthquakes were of sufficiently high amplitude to be detected on the broader IGEPN seismic network, and so are no locations are available, although typical horizontal and vertical location uncertainties for LP earthquakes at Tungurahua are on the order of a few kilometers (Bell et al., 2017) . As the earthquakes are only well recorded at RETU, they are likely to be located at shallow levels in the edifice, and most probably in or close to the conduit.
Periodicity
We define periodicity as the ratio between the mean and standard deviation of the interevent times (Bell et al., 2017) . For earthquakes that are randomly distributed in time (i.e., a Poisson process), with average rate λ, the interevent times follow an exponential distribution with mean μ = 1/λ and variance σ 2 = 1/λ 2 . Therefore, the periodicity μ/σ = 1. The periodicity is equivalent to the coefficient of variation for the earthquake rate. The variance of interevent times for earthquakes that are clustered in time will be relatively high, giving values of periodicity less than 1. The variance of highly periodic (anticlustered) earthquakes will be relatively small, resulting in periodicity values greater than 1. For a gamma distribution the periodicity is ffiffi γ p (see the supporting information).
Gamma Point Process Models
For quasiperiodic earthquake processes, Poisson process models will incorrectly estimate parameters and their uncertainties. We model earthquake occurrence times as an inhomogeneous gamma process (Barbieri et al., 2001) , with a mean rate evolving according to equation (2). A gamma process is a generalized form of Poisson process for quasiperiodic data and has been used to analyze biomedical data, such as neuron spiking (Barbieri et al., 2001 ) and heartbeats (Barbieri et al., 2005) . For clustered data, the gamma distribution has previously been shown to be an emergent property of the superposition of independent earthquakes and triggered earthquakes (Touati et al., 2009 ) or a nonhomogeneous Poisson process of independent earthquakes with an underlying rate change (Shcherbakov et al., 2005) . However to our knowledge the gamma distribution has not previously been applied to quasiperiodic volcanic earthquake point process data. We use a Bayesian approach to estimate model parameters (Boué et al., 2015) , but here applying Markov chain Monte Carlo (MCMC) to the point process model likelihood function rather than binned event rates. MCMC is implemented through PyMC3 (Salvatier et al., 2016) .
Results
Precursors to Eruption
Average LP rates, amplitudes, and RSAM increased systematically in the 24 hr lead up to the 14 July explosion (Figures 1a, 3 , and S1). Individual LPs have peak frequencies of 2-3 Hz (Figures 1b-1d) , an emergent onset, and coda of 20-30 s duration. Many earthquake waveforms are highly similar, indicating the repeated activation of fixed-location sources (Figures 2a and 2b) . Cross-correlation analysis, using a two-stage clustering method (Bell et al., 2017; Rodgers et al., 2013) with cross-correlation thresholds of 0.7 and 0.8, finds only one dominant family of earthquakes with highly correlated waveforms, suggesting repeated activation of a single source location, but where the source progressively evolves through time (either due to a small change in location or small change in source mechanism; Figures 2a-2c) . Earthquake interevent times are quasiperiodic, approximating a gamma distribution when the systematic rate increase is accounted for (Figure 2d ), meaning that they are not independent. Average interevent times decrease from greater than 10 min early in the sequence to less than 10 s close to the explosion. At 200 min before the explosion, interevent times decrease to equal to or less than the coda duration, so individual waveforms merge into continuous (nonharmonic) tremor (Figure 1d) , as seen at other volcanoes including Redoubt and Soufriere Hills (Hotovec et al., 2013; Neuberg et al., 2000) . The merger results in masking of individual earthquakes, and hence an incomplete earthquake catalogue close to the eruption, despite efforts to pick earthquakes in the frequency domain, and using a template matching approach. Earthquake amplitudes have a restricted range of values that approximate a lognormal distribution (inconsistent with a power law
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Gutenberg-Richter distribution of amplitudes). Despite hours of accelerating LP rates and amplitudes, the final onset of the paroxysmal explosion was effectively instantaneous (Figure 1d ).
Bayesian MCMC Application of Failure Forecast Method to Quasi-Periodic Data
The observed increases in LP earthquake rates, amplitudes, and RSAM toward the explosion all closely follow the trend described by equation (2) (Figure 3) . Retrospective modeling (i.e., with known fixed eruption time) finds distinctly different values of p for the different metrics (Figure 3) . The mean of the posterior distribution of p is 1.05 for earthquake rate (excluding incomplete data within 200 min of the eruption time), whereas it takes values of 0.23 and 0.38 for amplitudes and RSAM, respectively. Retrospective "forecasts" (estimating the eruption time alongside other model parameters) also closely approximate the data (Figures 3a-3c ) and highlight the marked difference between p for different data types, but show greater variance in the posterior distributions due to the covariance between p and t f t f when the eruption time is not fixed. For both cases, observed earthquake rates fall below model predictions closer than 200 min before the eruption whereas average earthquake amplitudes and RSAM more closely follow equation (2) up to the eruption onset (Figures 3b and 3c ).
Retrospective Forecasts and Posterior Parameter Distributions
Repeated retrospective forecasts reveal the evolution of parameter posterior distributions, including the failure time, as the sequence progresses (Figure 4) . The means of posterior distributions for t f (Figure 4a ) and p (Figure 4b ) based on earthquake times are stable until 90% of the sequence is complete. The 
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uncertainty in these parameters (including the eruption time) decreases toward eruption as depicted by the width of the 5% and 95% credibility intervals, and the indicative posterior probability density distributions. The mean t f is 1 hr later than the actual eruption time, though within the estimated uncertainty. The eruption occurred while earthquake rates, amplitudes, and RSAM were still increasing (at the time of onset, the mean interevent times were 8-9 s). After 90% of the sequence, catalogue incompleteness becomes important and results in an increasingly biased (late) estimate. The degree of periodicity increases systematically through the sequence (Figure 4c) , and likely increases even further in the final 10% of the 
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sequence, but is partly masked by incompleteness. Similar analysis based on earthquake amplitudes and RSAM shows much greater variance in model parameters until very close to the eruption, as a result of lower values of p and greater nonlinearity of the acceleration. Close to the eruption, these metrics continue to increase according to a power law (Figures 3b and 3c) , and so provide more reliable information about eruption timing.
Synthetic data sets can reproduce many of the characteristics of the real data ( Figure S3 ), and their analysis provides further constraints on the nature of preeruptive sequences. Waveform superposition results in an apparent power law increase in earthquake amplitude at interevent times less than the earthquake coda duration, even for synthetic sequences generated with constant input amplitude. Synthetic simulations show that the apparent power law trends and low exponent values for amplitude and RSAM are most easily explained by an underlying linear increase in amplitude with time ( Figure S4 ). These properties are therefore emergent consequences of the power law increase in earthquake rate, a linear increase in the "true" earthquake size, and waveform superposition, and so may not hold much physical significance in themselves. Residual discrepancies between simulations and observations suggest that the acceleration in earthquake rate slows slightly in the final hour before the eruption, though incompleteness means that it is not possible to resolve this effect in the real data. Simulations also show that forecasting error (i.e., the variance of the posterior distribution of t f ) decreases with increasing periodicity (e.g., Figure S5 ), and so eruption forecasts based on quasiperiodic drumbeat signals are expected to be more precise than those for equivalent sequences with Poisson or clustered in interevent times. (left column) Linear time and (right column) log-time from failure (i.e., "time reversed") plots for (a) 15 min earthquake rates and 1/(interevent times), (b) mean 15 min root-mean-square earthquake amplitudes, and (c) mean 5 min RSAMs. In the left column, the red curves show 500 "hindcast" power law models with parameter values (including eruption time) drawn from posterior distribution and corresponding mean hindcast P values. In right column, the red lines show 500 "retrospective" power law posterior models, with eruption time known a priori, and corresponding mean retrospective P values. In both instances, parameter posterior distributions are determined using data occurring before red dotted line. In (a) left column, the blue line represents total number of earthquakes. Note that the increase in earthquake rate slows toward eruption due to the merger of earthquakes (Figure 1d ), leading to a mismatch between model prediction and observations (a), and different mean power law exponents and nonlinearity for earthquake rates, amplitudes, and energy release rates. 
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Discussion
Quasiperiodic interevent times, a systematically increasing restricted range of amplitudes, and highly similar waveforms suggest that LPs in this sequence involve repeated energy release from a single source location, most likely within or close to the conduit. Short interevent times close to the eruption imply that rapid (<8-9 s) source reactivation is required, including loading (e.g., shear stress or gas pressure increase) and renewal (e.g., fault or magma healing and magma ascent). These characteristics are not consistent with a process underpinned by material failure distributed through a large volume, even though the observed power law increase in mean earthquake rate with p ≈ 1 is the same as those predicted by that model for VTs at reawakening volcanoes (Kilburn, 2003) . Rather, we suggest that these similarities result as emergent properties of different complex, nonlinear physical systems.
LP amplitudes are reported to decrease with increasing earthquake rate before some explosions at Soufriere Hills (Neuberg et al., 2000) and Redoubt (Buurman et al., 2013) . Such behavior might indicate that progressive weakening of the seismic source controls the approach to eruption, but is inconsistent with observations here. Increasing amplitudes with increasing earthquake rates have been reported for precursory sequences before large tectonic earthquakes (Bouchon et al., 2011) and landslides (Poli, 2017 ) and attributed to increasing slip or size of a repeatedly failing asperity within a zone of accelerating aseismic slip. For this model to translate to the preeruptive sequence at Tungurahua would require accelerating aseismic ascent of the magma column to drive repeated failure of a growing local asperity such as a patch undergoing frictional stick-slip (Iverson et al., 2006) or shear failure of magma Tuffen & Dingwell, 2005) , while maintaining co-located sources to produce similar earthquake waveforms and sufficiently high gas pressure to drive the ensuing explosion. The short interevent times close to failure are difficult to explain with a magma failure and healing model (Chouet & Matoza, 2013; Tuffen, Dingwell, & Pinkerton, 2003) , unless new magma is continually ascending into a seismogenic window . Existing models for LP generation at Tungurahua suggest that the excitation mechanism might involve local gas depressurization (Bell et al., 2017; Molina, 2004) . A "two-phase" model (Bell et al., 2017; Holland et al., 2011) , where excitation results from gas flux and depressurization, but earthquake timing is determined by a transient breach of a low permeability barrier through shear failure near the column margins driven by magma ascent, allows greater independence between interevent times and amplitudes. This model might provide an explanation for the broader range of LP signals observed at Tungurahua (Bell et al., 2017) and an alternative interpretation of the processes underlying this sequence.
In either scenario, accelerating earthquake rates and increasing amplitudes and RSAM are likely to be driven by steadily accelerating magma ascent and high gas pressures, implying both magma flow from depth and gas exsolution from supersaturated melt (Lensky et al., 2008) . The eruption onset occurs slightly before the predicted failure time, when the system reaches some hidden critical threshold. The highly explosive, gasdriven vulcanian nature of the eruption suggests that this is when the gas pressure exceeds the failure strength of the plug, or the interevent time reduces to either the finite duration of the source mechanism or recovery time. The different characteristics of trends in LP earthquake rates, amplitudes, and RSAM suggest that the most informative forecasts of explosion timing would be initially based on LP occurrence times, with additional information close to the eruption provided by RSAM and earthquake amplitudes. Future work will see these different metrics combined into an integrated Bayesian forecasting tool.
Conclusions
This work outlines a new approach for reliable and informative retrospective analyses of preeruptive LP seismicity and verifiable and testable Bayesian forecasts. When applied to the July 2013 eruption, the methods reveal a remarkable sequence, resembling a theoretical ideal to a degree not reported before. The powerful paroxysmal explosion, involving relatively little juvenile magma, is indicative of an eruption driven by high gas pressures and a very low permeability barrier to gas ascent. Unusually, the resulting quasiperiodic oscillating system, likely involving coupled incremental magma ascent and increasing gas pressure, remained stable until a late stage. The methods offer quantitative, probabilistic forecasts of the timing of explosions when preeruptive seismicity follows a quasiperiodic power law acceleration. Understanding of when and how these conditions might arise, and how to reliably identify them in noisy data, is key for improved eruption forecasting in future.
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